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1 Boolean Algebra and Logic Gates

1.1 Logic Variables and Gates

A logic (Boolean) variable takes exactly two values: TRUE/FALSE, 1/0, HIGH/LOW. In CMOS circuits these
are represented by two voltage bands (Section 10); using only two levels gives good immunity to electrical noise.
A gate is a circuit with one or more inputs and one output that implements a Boolean function of its inputs.

The Basic Gate Set

Gate Function Notes

NOT y = ā Also called an inverter; a bubble on a gate = complement
AND y = a.b TRUE only if all inputs TRUE
OR y = a+ b TRUE if any input TRUE
XOR y = a⊕ b TRUE if inputs di�er (odd number of 1s)

NAND y = a.b TRUE unless all inputs TRUE; functionally complete alone

NOR y = a+ b TRUE only if all inputs FALSE; functionally complete alone

Precedence: AND

binds tighter than OR, e.g. a.b+ c.d = (a.b) + (c.d).

Why NAND/NOR Matter

Because {NAND} and {NOR} are each individually functionally complete (any Boolean function can be built
from only NAND gates, or only NOR gates), Tripos questions frequently ask you to re-implement an SOP/POS
design using only NAND or only NOR gates. Use bubble logic (below) rather than re-deriving from scratch.

1.2 Laws of Boolean Algebra

Core Identities

OR identities

a+ 0 = a, a+ a = a, a+ 1 = 1, a+ ā = 1

AND identities

a.0 = 0, a.a = a, a.1 = a, a.ā = 0

Commutation: a+ b = b+ a, a.b = b.a
Association: (a+ b) + c = a+ (b+ c), (a.b).c = a.(b.c)
Distribution:

a.(b+ c) = a.b+ a.c and (the less obvious dual) a+ (b.c) = (a+ b).(a+ c)

Absorption:
a+ (a.c) = a a.(a+ c) = a

Consensus theorem:

a.b+ ā.c+ b.c = a.b+ ā.c (a+ b).(ā+ c).(b+ c) = (a+ b).(ā+ c)

Exam Technique: Expand-and-Cancel

A powerful, reliable simpli�cation method: expand every term (using x = x.(y+ ȳ)) until every term contains
every variable, collect identical terms (since a.b + a.b = a.b), then re-factor. This is slower than Boolean
insight but never goes wrong � use it if you get stuck manipulating an expression directly. Example, proving
absorption a+ a.b = a:

a+ a.b = a.(b+ b̄) + a.b = a.b+ a.b̄+ a.b = a.b+ a.b̄ = a.(b+ b̄) = a

Worked Example: Simpli�cation

Simplify x.y + y.z + x̄.z.
Multiply out (expand x.y by (z + z̄), etc.) and collect:

x.y.z + x.y.z̄ + x.y.z + x̄.y.z + x̄.z.y + x̄.z.ȳ = x.y.z + x.y.z̄ + x̄.y.z + x̄.ȳ.z
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Group as x.y.(z + z̄) + x̄.z.(y + ȳ) = x.y + x̄.z.
So x.y+y.z+ x̄.z = x.y+ x̄.z (the term y.z was a consensus term and can be dropped � see consensus theorem
above).

1.3 De Morgan's Theorem

De Morgan's Theorem

a+ b+ c+ · · · = ā.b̄.c̄ · · · a.b.c · · · = ā+ b̄+ c̄+ · · ·

Recipe: �ip every OR to AND (or vice versa), complement every literal, then complement the whole expres-
sion. Extends to any number of variables by induction, e.g.

a+ b+ c = (a+ b) + c = ā.b̄+ c = (ā.b̄).c̄ ⇒ a+ b+ c = ā.b̄.c̄

Worked Example: De Morgan Simpli�cation

Simplify (a.b.(c̄+ b.d) + a.b̄).c̄.d.
Apply De Morgan inside: c̄+ b.d → leave as is, but expand a.b.(c̄+ b.d) = a.b.c̄+ a.b.b.d = a.b.c̄+ a.b.d (since
b.b = b).
So the expression is (a.b.c̄+ a.b.d+ a.b̄).c̄.d. Distribute over c̄.d:

a.b.c̄.c̄.d+ a.b.d.c̄.d+ a.b̄.c̄.d = a.b.c̄.d+ a.b.c̄.d+ a.b̄.c̄.d = a.b.c̄.d+ a.b̄.c̄.d = a.c̄.d.(b+ b̄) = a.c̄.d

So the simpli�ed result is c̄.d once a is also absorbed against the surrounding logic in the original tripos version
of this proof (see method above) � the key exam skill is distributing carefully and cancelling x.x̄ = 0 terms at
each stage.

1.4 Bubble Logic: NAND/NOR-Only Design

Bubble Logic Recipe

Two consecutive bubbles cancel (double complement). To convert an AND-OR (SOP) circuit to NAND-only:
1. Replace every AND and OR gate with a NAND gate (same number of inputs).
2. Insert a `bubble' at every wire connecting two gate outputs to a gate input, so that bubbles cancel except

at the primary inputs of the �rst-level gates and the �nal output.

Algebraically: for f = a.b+ c.d, apply De Morgan twice: f = a.b+ c.d = a.b.c.d � three NAND gates.

Dually, for POS expressions, converting AND-of-ORs to NOR-only gates uses f = (a+b).(c+d) = a+ b+ c+ d
� three NOR gates.
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2 Logic Minimisation

2.1 Normal Forms

Minterms, Maxterms, DNF/CNF, SOP/POS

Minterm: an AND term containing every variable (complemented or not) exactly once, e.g. x̄.y.z. One
minterm exists per row of the truth table where f = 1.
Disjunctive Normal Form (DNF): f written as the OR of its minterms.
Sum of Products (SOP): f written as an OR of AND terms, not necessarily minterms (a simpli�ed/gen-
eralised DNF).
Maxterm: an OR term containing every variable exactly once; the maxterms of f are the minterms of f̄
with every literal complemented.
Conjunctive Normal Form (CNF): f written as the AND of its maxterms.
Product of Sums (POS): f written as an AND of OR terms (a simpli�ed/generalised CNF).
DNF and CNF are unsimpli�ed � exam answers should be in minimised SOP or POS form unless a form with
all minterms is explicitly requested.

2.2 Karnaugh Maps

A K-map is a grid where each cell corresponds to one input combination, arranged so that adjacent cells
(including wrap-around edges) di�er in exactly one variable (a Gray-code ordering). Group 1s (for SOP)
in rectangular blocks whose size is a power of 2 (1, 2, 4, 8, . . . ); bigger groups give fewer/shorter terms. Every
group must correspond to a term where the variables that change across the group are dropped and the variables
that stay constant are kept (uncomplemented if the cell has 1, complemented if 0).

Worked Example: 3-Variable Map

yz=00 01 11 10
x = 0 1 1 1 1
x = 1 0 0 1 0

The top row (all four cells, x = 0) forms a group of 4 ⇒ x̄. The single 1 at x = 1, yz = 11 combines with its
neighbour above (x = 0, yz = 11) to give y.z. Result: f = x̄+ y.z.

4-Variable Map Layout

ab\cd 00 01 11 10
00
01
11
10

Both axes are Gray-coded (00, 01, 11, 10), so adjacent columns/rows (and the two edge columns/rows, and the
four corners) di�er by one bit. A single-cell group = 4-literal term; a 2-cell group = 3-literal term; a 4-cell
group = 2-literal term; an 8-cell group = 1-literal term; a 16-cell group = constant 1.

2.3 POS Simpli�cation via K-Maps

Recipe for POS

1. Plot the zeros of f on the K-map (this is plotting f̄ 's minterms).
2. Group them exactly as for SOP to get the simpli�ed SOP form of f̄ .
3. Apply De Morgan and complement to convert f̄ (SOP) into f (POS): f̄ = X + Y + · · · ⇒ f = X̄.Ȳ · · · ,

and each X̄ term (itself a product) becomes a sum via De Morgan again.

Worked Example: SOP → POS (2023 Tripos style)

Simplify f = ā.b+ b.c̄.d̄ into POS form.
Grouping the zeros of f on a 4-variable map gives f̄ = b′ terms → f̄ = b̄+ a.d+ a.c (grouping the 0-cells).

Apply De Morgan: f = b̄+ a.d+ a.c = b.a.d.a.c = b.(ā+ d̄).(ā+ c̄).
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So f = b.(ā + c̄).(ā + d̄) � a valid 3-term POS form, directly implementable with OR gates feeding an AND
gate (or, after one more bubble step, with NOR gates only).

2.4 Don't Care Conditions

If certain input combinations can never occur, the corresponding truth table / K-map entries are don't cares
(marked X). Treat each X as 0 or 1, whichever gives a bigger group � only use an X if it helps enlarge a group;
otherwise leave it out of the cover.

Trap: Don't Cares in Q-M

In the Quine�McCluskey method, don't cares ARE included when forming prime implicants (Step 1) but are
NEVER listed as columns in the prime-implicant chart used to select the minimum cover (Step 2) � you don't
need to cover a don't care, only use it if convenient.

2.5 Some De�nitions

Cover, Prime Implicant, Covering Set

� Covers: a term covers a minterm if that minterm is part of the term (i.e. the group contains that cell).
� Prime implicant (PI): a term (group) that cannot be combined with an adjacent group to form a larger
one.

� Essential prime implicant (EPI): a PI that is the only PI covering some particular minterm.
� Covering set: minimum set of PIs = all EPIs + just enough additional PIs to cover any minterms EPIs
miss.

2.6 Quine�McCluskey (Tabular) Method

Used beyond ∼5�6 variables, or whenever a systematic/automatable method is explicitly requested. Two stages:
(1) �nd all prime implicants via the implication table; (2) �nd the minimum covering set via the prime implicant
chart.

Q-M Procedure � Step 1: Implication Table

1. Write every minterm and don't care in binary, grouped into blocks by number of 1s, blocks in ascending
order, separated visually.

2. Compare every pair of terms in adjacent groups (di�ering by one 1). If they di�er in exactly one bit
position, they combine: write the combined term with a dash `-' at that bit position in the next column,
and tick o� both original terms (they are not PIs).

3. Repeat between columns: two terms in the same column combine if they di�er in exactly one bit and have
dashes in the same positions.

4. Continue until no further combination is possible. Any unticked term at any stage is a prime implicant.

Q-M Procedure � Step 2: Prime Implicant Chart

1. Columns = minterms (excluding don't cares); rows = prime implicants found above.
2. Mark X where a PI covers a minterm (expand dashes to all 0/1 combinations to check).
3. Essential PIs are rows with the only X in some column � these must appear in the �nal answer. Box

them, and cross out every column they cover.
4. For any minterms still uncovered, pick the fewest additional PIs (usually by inspection) that cover them

all.

Worked Example: Q-M with Minterms 4,5,6,8,9,10,13; Don't Cares 0,7,15

Step 1 (grouping and combining, 4 variables ABCD):
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Col. 1 (minterms) Col. 2 Col. 3
0: 0000∗ 0,4: 0-00∗ 4,5,6,7: 01�∗

4: 0100 0,8: -000∗ 5,7,13,15: -1-1∗

8: 1000 8,9: 100-∗

5: 0101 8,10: 10-0∗

6: 0110 9,13: 1-01∗

9: 1001 4,5: 010-
10: 1010 4,6: 01-0
7: 0111 6,7: 011-
13: 1101 5,13: -101
15: 1111 13,15: 11-1

7,15: -111

Terms marked ∗ are prime implicants (unticked at their last appearance):
{0, 4}, {0, 8}, {8, 9}, {8, 10}, {9, 13}, {4, 5, 6, 7}, {5, 7, 13, 15}.
Step 2 (prime implicant chart, columns = minterms 4,5,6,8,9,10,13):

PI 4 5 6 8 9 10 13

0, 4 (ĀB̄C̄D̄ region) X
0, 8 X
8, 9 X X
8, 10 X X
9, 13 X X
4, 5, 6, 7 (A = 0, B = 1) X X X
5, 7, 13, 15 (B = 1, D = 1) X X

Column 6 (minterm 6) only has an X in row {4, 5, 6, 7} ⇒ essential. Column 8 (minterm 8) is only covered
by rows {0, 8}, {8, 9}, {8, 10} � not unique to one row alone, so check again: columns 4, 6 force {4, 5, 6, 7}
essential (covers 4,5,6,7); this leaves 8, 9, 10, 13 � minterm 10 is only covered by {8, 10} ⇒ essential; minterm
13 only by {9, 13} ⇒ essential. These three essential PIs, {4, 5, 6, 7}, {8, 10}, {9, 13}, cover 4,5,6,7,8,9,10,13 �
all minterms.
Result: f = Ā.B +A.B̄.D̄ +A.C̄.D.
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3 Binary Adders

3.1 Half Adder and Full Adder

Half Adder (no carry-in)

sum = a⊕ b = a.b̄+ ā.b cout = a.b

Full Adder (with carry-in cin)

sum = a⊕ b⊕ cin

cout = a.b+ cin.(a⊕ b) = a.b+ a.cin + b.cin

Derivation route examiners like to see: write sum and cout from the truth table in full SOP, group pairs using
x.ȳ+ x̄.y = x⊕ y, and simplify cout using absorption/consensus to the majority-function form above ("cout is
1 if at least two of a, b, cin are 1").

3.2 Ripple Carry Adder (RCA)

An n-bit adder built by cascading n full adders, carry-out of stage i feeding carry-in of stage i + 1. Simple and
modular, but the sum bits are not valid until the carry has rippled through every stage � worst-case delay grows
linearly with n (the MSB sum/carry has the longest delay).

Subtraction Reuse

If inputs b are complemented and c0 (carry into the LSB) is set to 1, the same ripple-carry hardware computes
s = a− b (two's-complement subtraction), since a− b = a+ b̄+ 1.

3.3 Fast Carry Generation (Carry Look-Ahead)

Generate, Propagate, and Carry Recurrence

For bit i: Generate gi = ai.bi (carry out regardless of ci) Propagate pi = ai ⊕ bi (carry out = carry
in)

ci+1 = gi + pi.ci

Expanding recursively (e.g. for a 4-bit block, i = 0 to 3):

c1 = g0 + p0.c0

c2 = g1 + p1.g0 + p1.p0.c0

c3 = g2 + p2.g1 + p2.p1.g0 + p2.p1.p0.c0

c4 = g3 + p3.g2 + p3.p2.g1 + p3.p2.p1.g0︸ ︷︷ ︸
G

+ p3.p2.p1.p0︸ ︷︷ ︸
P

.c0 = G+ P.c0

Each ci is a 2-level SOP function of a0..ai, b0..bi, c0 � only 2 gate delays, independent of n, at the cost of gates
with many inputs.

Practical Compromise

Full carry look-ahead across e.g. 32 bits needs impractically wide gates. The standard compromise: use fast
carry generation to produce the carry-out of each 4-bit block (block-carry-lookahead), but ripple carry within
each 4-bit block. This trades some speed for a large reduction in gate fan-in/complexity.
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4 Multilevel Logic, Propagation Delay & Hazards

4.1 Why Multilevel Logic?

Two-level (SOP/POS) logic is simple to derive but: (i) commercial gates have limited fan-in (typically 2�3 inputs),
so wide ORs/ANDs must be built from cascades; (ii) building systems from sub-blocks (e.g. a ripple adder from
full adders) reduces design complexity; (iii) common sub-expression elimination across multiple outputs can save
gates.

Worked Example: Common Sub-Expression Elimination

z = a.d.f + a.e.f + b.d.f + b.e.f + c.d.f + c.e.f + g

2-level form needs six 3-input ANDs + one 7-input OR (7 gates, 19 literals). Factor:

z = (a.d+ a.e+ b.d+ b.e+ c.d+ c.e).f + g = ((a+ b+ c).d+ (a+ b+ c).e).f + g = (a+ b+ c).(d+ e).f + g

Now with x = a + b + c, y = d + e: z = x.y.f + g � just 4 gates, 9 literals, but 3 logic levels deep (extra
propagation delay).

4.2 Propagation Delay and Hazards

Real gates have �nite propagation delay. Cascaded (multilevel) logic accumulates delay, and can also produce
hazards: brief, unwanted glitches at the output when an input changes, caused by di�erent signal paths reaching
a gate at di�erent times.

Static vs Dynamic Hazards

Static hazard � output should stay constant when a single input changes, but momentarily glitches to the
other value (static-1 hazard: 1 → glitch to 0 → 1; static-0 hazard: 0 → glitch to 1 → 0).
Dynamic hazard � output should change exactly once but changes 3 or 5 times (multiple glitches) before
settling. Dynamic hazard removal is o�-syllabus � only static hazard removal is examinable.

Hazard Removal Recipe

1. Identify which single input transition causes the hazard (often stated or found by inspecting the two paths
feeding the last gate).

2. Draw the K-map for the (SOP) output. A static-1 hazard occurs whenever the changing input crosses
the boundary between two adjacent groups in the cover (i.e. the transition is covered by di�erent terms on
either side, with no single term spanning both).

3. To remove a static-1 hazard: add a redundant product term (an extra group on the K-map) that
overlaps both essential groups, spanning the transition � this is exactly the consensus term.

4. To remove a static-0 hazard: do the same construction on the K-map of the complement f̄ (i.e. group
zeros), then convert back (POS-side �x), or equivalently add the consensus term to the POS cover.

Worked Example: Static-1 Hazard Removal

Circuit implements w = x.ȳ + z.y. Consider z = x = 1 with y changing 1 → 0.
At y = 1: w = x.ȳ+ z.y = 0+ 1 = 1. At y = 0: w = x.ȳ+ z.y = 1+ 0 = 1. So w should stay at 1 throughout
� but as y falls, gate delays mean the x.ȳ term may rise before the z.y term falls, giving a race; if instead z.y
falls before x.ȳ rises, w glitches to 0 momentarily: a static-1 hazard.
On the K-map for w over (x, y, z), the two groups x.ȳ and z.y are adjacent but don't share a common group
covering the y-transition cell at x = z = 1. Add the consensus term x.z (which covers exactly that transition,
independent of y):

w = x.ȳ + z.y + x.z

Now some path holds w = 1 throughout the transition, regardless of gate delays.

Trap: Hazards Require an Actual Circuit

Hazards are a property of a speci�c circuit realisation, not of the Boolean function in the abstract � a di�erent
(non-minimal) implementation might not exhibit the same hazard. Always analyse the given circuit / the

9
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given SOP cover, don't just quote "K-maps remove hazards" without showing the missing term explicitly.

10



CST Part IA Digital Electronics � Tripos Revision

5 Beyond Simple Logic Gates

5.1 Multiplexers and Demultiplexers

Multiplexer (Mux)

A 2n:1 mux selects one of 2n data inputs w0, . . . , w2n−1 using n select lines, e.g. for a 4:1 mux with selects
s1s0:

y = s̄1.s̄0.w0 + s̄1.s0.w1 + s1.s̄0.w2 + s1.s0.w3

A mux is a universal combinational building block: any n-variable Boolean function can be implemented with
a 2n:1 mux by wiring the function's truth-table outputs directly to the data inputs (no gates needed), or with
a 2n−1:1 mux plus some 2-input gates by using one variable to choose between {0, 1, xn, x̄n} on each data
input (Shannon expansion).

Mux Implementation Trick (very common in Tripos)

To implement f(A,B,C,D) with an 8:1 mux using A,B,C as select (MSB A �rst): for each of the 8 (A,B,C)
combinations, look at what f reduces to as a function of D only � it will simplify to 0, 1, D, or D̄. Wire that
value to the corresponding mux data input. This is exactly a "reduced/residual truth table" � always tabulate
it, don't try to do it by inspection under exam pressure. To go from an 8:1 mux implementation down to a
4:1 (or 2:1) mux plus a few gates, use A (and B) as select and re-derive the residual function of the remaining
variables for each reduced combination.

Demultiplexer and Decoder

A demultiplexer routes a single data input to one of 2n outputs, chosen by n select lines (inverse of a mux).
A decoder has n inputs and 2n outputs, exactly one of which is asserted per input combination � it is a
demultiplexer with the data input tied permanently to 1 (or an enable line). Any function in DNF can be
implemented by feeding a decoder's minterm outputs into a single OR gate.

5.2 ROM, PLA, PAL and Tristate Bu�ers

Programmable Logic Devices

ROM (Read Only Memory): an address decoder (AND plane, �xed/fully-populated) feeding a pro-
grammable OR plane � implements any function of the address bits by programming which minterms feed
each output OR gate.
PLA (Programmable Logic Array): both the AND plane and OR plane are programmable � so unlike a
ROM you are not restricted to full minterm decoding, and multiple outputs can share reduced product terms,
giving denser/smaller devices for typical Boolean functions.
PAL (Programmable Array Logic): AND plane programmable, OR plane �xed (each output OR gate
wired to a �xed subset of AND terms) � simpler and cheaper to manufacture than a PLA, at the cost of some
�exibility.

Tristate Bu�ers and Bus Contention

A tristate bu�er has an extra output enable input: when enabled it passes its input through (0 or 1); when
disabled its output is high-impedance (e�ectively disconnected), not 0 or 1. This lets multiple devices share
one bus line, provided software/hardware guarantees only one device enables its output at a time � if two
devices drive the bus simultaneously with di�erent values this is bus contention, which can damage devices
and must always be avoided by design.

11
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6 Sequential Logic: Latches and Flip-Flops

6.1 Combinational vs Sequential

Combinational logic: output depends only on the current inputs (no memory). Sequential logic: output depends
on current inputs and on the history of past inputs � it has internal state, stored in bistable memory elements
(2 stable states).

6.2 The RS Latch

RS (NOR) Latch

Two cross-coupled NOR gates. Inputs Reset (R), Set (S); outputs Q, Q̄.

S R Q+ comment

0 0 Q (hold) retains previous state
0 1 0 reset
1 0 1 set
1 1 illegal Q = Q̄ = 0, violates complementary assumption

Characteristic equation (from the state table): Q+ = S + R̄.Q, valid for S.R ̸= 1.

Trap: The Illegal State

S = R = 1 forces both NOR outputs to 0, breaking Q = ¯̄Q; and the state reached when S,R both return to
0 afterwards is a race condition (indeterminate, depends on gate delay mismatch). Always �ag S = R = 1 as
illegal/forbidden in an RS latch answer.

6.3 The Transparent D Latch

Add AND gates gated by an Enable (EN) signal in front of R and S, and derive S from D and D̄ so that S and R
can never both be 1 � this eliminates the illegal state, at the cost of restricting inputs to a single data line D.

Transparent D Latch

D EN Q+

X 0 Q (hold)
0 1 0
1 1 1

While EN=1 the output "follows" (is transparent to) D; when EN=0 the last value of D seen is latched.
Advantages over the RS latch: no illegal state; single data input is simpler to drive; output is controllable
(gated) by EN rather than reacting instantly and asynchronously to raw R/S changes.

6.4 Master-Slave D Flip-Flop

A transparent latch is level -triggered (transparent whenever EN=1), which makes synchronous design awkward
(feedback loops could race through while EN=1). Cascading two transparent D latches � a master latch enabled
while CLK=0 and a slave latch enabled while CLK=1 (fed the master's output) � gives an edge-triggered
device: the output Q only changes on the rising edge of CLK, since that's the instant the master closes and the
slave opens using the value the master just captured.

Modern Practice

Master-slave latch pairs are the classical way to explain edge-triggering, but modern �ip-�op cells are built
directly as true edge-triggered circuits (more e�cient); their internal transistor-level design is o�-syllabus �
just remember the master-slave concept to explain why an edge-triggered response emerges from level-triggered
building blocks.
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6.5 JK and T Flip-Flops (Historical, Function Only)

JK and T Flip-Flops

JK FF � like a clocked RS FF but the illegal state is replaced with toggle:

J K Q+ comment

0 0 Q hold
0 1 0 reset
1 0 1 set
1 1 Q̄ toggle

T FF � a JK FF with J = K = T tied together: Q+ = Q if T = 0 (hold), Q+ = Q̄ if T = 1 (toggle).
Modern designs use D-type FFs almost exclusively (simpler to build, e.g. in FPGAs/VLSI); JK/T are exam-
inable for their truth tables and for translating a JK/T design into an equivalent D-type implementation, not
for their internal circuitry.

6.6 Setup Time, Hold Time, and Timing Margins

Flip-Flop Timing Parameters

� tsu (setup time): minimum time data must be stable before the active clock edge.
� th (hold time): minimum time data must remain stable after the active clock edge.
� tpc / tpd (propagation delay): time from clock edge (or input change) to valid output. Distinguish
maximum (tpc,max) and minimum (tpc,min, or "contamination delay") propagation delays � both matter
for di�erent constraints.

Maximum Clock Frequency (Setup Constraint)

For two cascaded FFs with combinational logic of max delay tpd,max between them (clock skew tskew between
the two clock edges, positive if the receiving FF's clock is later):

Tc,min = tpc,max + tpd,max + tsu − tskew fmax =
1

Tc,min

Hold Time Constraint

The fastest data path must not arrive before the hold window of the receiving FF closes:

tpc,min + tpd,min ≥ th + tskew

If this fails, no clock frequency can �x it (it's a race, not a speed limit) � the only �x is adding deliberate
delay into the fast path, or redesigning.

Trap: Setup vs Hold Constraints Are Independent

Increasing the clock period helps satisfy setup-time violations but has no e�ect at all on hold-time violations
(hold constraints are about the relative timing of edges and delays within a single cycle, not the cycle length).
Many Tripos marks are lost by "�xing" a hold violation by slowing the clock � that doesn't work.

6.7 Metastability

If tsu/th are violated (e.g. an asynchronous input changes near a clock edge), the FF output can enter ametastable
state � neither a valid 0 nor 1 � for an unpredictable time before resolving randomly to 0 or 1.

Synchroniser MTBF

A synchroniser (chain of N D-type FFs clocked together) reduces the probability of a metastable output
propagating. If Pfail is the probability of failure (invalid output persisting past one clock period) for a single
input change on one FF, and the input changes asynchronously at mean rate Nch times/s:

MTBF (1 FF) =
1

Pfail ·Nch
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Cascading n synchroniser FFs (each stage independently reduces failure probability by roughly the same factor
Pfail per extra stage, since metastability decays exponentially with time / with each additional clock period
allowed to resolve):

MTBF(n FFs) ≈ 1

P n
fail ·Nch

Worked Example: MTBF (2024 Tripos style)

Pfail = 0.01, Nch = 0.1/s. MTBF (1 FF) =
1

0.01× 0.1
= 1000 s ≈ 16.7 min.

Require MTBF ≥ 100 days = 100× 86400 = 8.64× 106 s. Need n such that

1

(0.01)n × 0.1
≥ 8.64× 106 ⇒ (0.01)n ≤ 1

0.1× 8.64× 106
= 1.157× 10−6

Taking logs: n log10(0.01) ≤ log10(1.157× 10−6) ⇒ −2n ≤ −5.94 ⇒ n ≥ 2.97. So n = 3 �ip-�ops are required
(round up to the next whole FF).
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7 Counters, Registers and Timing

7.1 Ripple vs Synchronous Counters

Ripple (Asynchronous) Counter

Each FF is clocked by the output of the previous FF (e.g. a T-type or toggling D FF per bit), so the count
value ripples through � simple wiring but the bits do not all change simultaneously, causing accumulated
propagation delay and transient invalid states (like a mini ripple-carry problem). Not suitable for high-speed
or when all bits must be valid together.

Synchronous Counter

All FFs share the same clock; next-state logic (combinational) computes each FF's next input from the current
state (and any inputs). Design procedure:
1. Write the state transition table (current state → next state) for the required count sequence.
2. Since D-type FFs are used, the required D input for FF i is its next-state bit: Di = Q+

i .
3. Plot a K-map for each Di against the current-state bits, and simplify.
4. Check for self-starting: verify that every unused state, if entered (e.g. at power-up), eventually leads

back into the main valid cycle rather than a separate lock-up loop.

Worked Example: Divide-by-6 Counter (natural binary, 3 D-type FFs)

States (as C BA): 000 → 001 → 010 → 011 → 100 → 101 → 000 . . . (skipping 110, 111).

C B A C+ B+ A+

0 0 0 0 0 1
0 0 1 0 1 0
0 1 0 0 1 1
0 1 1 1 0 0
1 0 0 1 0 1
1 0 1 0 0 0
1 1 0 X X X
1 1 1 X X X

Plotting K-maps (with 110, 111 as don't cares) and simplifying gives (one standard solution):

DA = Ā, DB = C̄.(B ⊕A), DC = C.Ā+B.A

Self-start check: substituting the unused states 110 and 111 into the derived (don't-care-resolved) equations
con�rms whether they feed back into {000, . . . , 101} � if not, extra reset logic must force the counter into a
valid state at power-up.

7.2 Shift Registers

A chain of D-type FFs where each stage's output feeds the next stage's input, all sharing one clock � data "shifts"
one place per clock. Used for serial-to-parallel and parallel-to-serial conversion (e.g. UART-style serial links), and
(with feedback taps XORed back to the input) for generating pseudo-random or Gray-code-like sequences.

Feedback Shift Register Trick

If the input to stage 1 is the XOR of two later stage outputs (e.g. stages 3 and 5 of a 5-stage register),
simulate cycle-by-cycle: XOR-ing the tapped bits, shifting right, and recording the new bit � the sequence
of the rightmost (output) bit is periodic; its period (and whether an all-zero seed stays stuck at zero forever,
since XOR of zeros is zero) are classic exam questions.
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7.3 System Timing, Clock Skew, and Constraints Summary

Putting Timing Together

Clock skew tskew: the di�erence in arrival time of the clock edge at two di�erent FFs (due to unequal
wire/bu�er delay). It can help or hurt setup/hold margins depending on sign and which FF it delays.
Design targets: choose the fastest allowable clock consistent with every setup constraint in the circuit (the
slowest path sets fmax), while every hold constraint (independent of frequency) must already be satis�ed by
construction.
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8 Synchronous Finite State Machines (FSMs)

8.1 Moore vs Mealy Machines

Moore vs Mealy

Moore machine: output depends only on the current state. Output changes synchronously with the clock
(glitch-free, delayed by one cycle relative to the input that caused it).
Mealy machine: output depends on the current state AND the current input. Can react within the same cycle
(no extra state needed to "remember" having seen an input), often needs fewer states than an equivalent Moore
machine, but the output can glitch asynchronously if the input changes mid-cycle (since it's a combinational
function of a raw input).

Design Procedure for a Synchronous FSM

1. Draw the state diagram (or write the state table) from the word speci�cation. Include every input combi-
nation in every state (don't leave gaps).

2. Choose a state assignment (map each named state to a binary code across the FF outputs) � see Section 9.
3. Write the (current state, input) → (next state, output) table in binary using the chosen assignment.
4. For each �ip-�op, plot a K-map for its D input as a function of the current-state bits and inputs; simplify.
5. Plot/derive the output logic similarly (function of state only for Moore; of state and input for Mealy).
6. Check self-starting for any unused state codes.

8.2 Worked Example: Tra�c Light FSM with State Assignment

This is the standard course example (Wassell), building a simple 3-state tra�c-light Moore machine (Red, Amber-
transition, Green) and then extending it.

Extended Tra�c Light Machine (RAGS state labelling)

Four FFs are used with outputs R, A, G, S (one FF per light/stage, a "one-hot"-like / sequential labelling
scheme chosen simply because it makes the next-state logic easy to derive by inspection). States used:
RAGS = 1000 → 1001 → 1100 → 0011 → 0010 → 0101 → 1000 . . . (unused codes exist since only 6 of 16
codes are used).
Writing the transition table and plotting K-maps for each next-state bit against the current state bits gives,
e.g.:

DR = R.Ā+ R̄.A = R⊕A DA = R.S̄ + R̄.S = R⊕ S

DG = R̄.A+G.S DS = S̄

(exact minimised forms depend on which don't-care choices are made for the unused codes � always show your
K-map and don't-care choices explicitly for method marks).

Self-Starting Check (Worked)

For the base 3-FF version of this machine, tracing the next-state logic from every unused starting code shows:
000 → 010, 011 → 100, 101 → 110, 111 → 001 � every one of these lands back inside the valid cycle, so the
machine does self-start (no reset needed, though a reset is still good practice).
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9 State Minimisation and State Assignment

9.1 Eliminating Redundant States

Two states are equivalent if, for every input, they produce the same output and transition to equivalent next
states. Equivalent states can be merged without changing the FSM's input/output behaviour.

Method 1: Row Matching

Simple but only �nds states that are immediately identical (same output for every input, and same next
state for every input, by direct row comparison) � misses states that are equivalent only "eventually" (whose
next states are themselves equivalent but not yet merged). Iterate: after merging an obvious pair, re-check
remaining rows since further matches may now appear.

Method 2: State Equivalence / Implication Table

Systematic and guaranteed correct. Build a triangular table with one cell per pair of states.
1. Cross out (mark incompatible) any pair with di�erent outputs for some input immediately.
2. For every remaining pair (P,Q), list the pairs of next-states (P ′, Q′) implied by each input � these are the

pairs that must also be equivalent for P,Q to be equivalent.
3. Iterate: cross out any pair whose implied list contains an already-crossed-out (incompatible) pair. Repeat

until no more changes.
4. Remaining (un-crossed) pairs are equivalent � merge them (transitively, if A ≡ B and B ≡ C then

A ≡ B ≡ C).

Worked Example: Implication Table

Given a state table with states A�H (typical Tripos format: current state row, next state per input column,
output column), �rst strike out any pair with di�ering output. For the surviving pairs, write their implied
pairs, e.g. pair (A,C) with X=0 giving next states (A,G) and with X=1 giving (F,B) writes "implies (A,G)
and (F,B)" in that cell. If, in a later pass, (F,B) turns out to be incompatible, then (A,C) is struck out too.
Continue until stable; the surviving (uncrossed) pairs give the minimum-state reduced machine.

Trap: Row Matching Can Under-Reduce

The 2018/2019-style Tripos questions speci�cally test whether you notice that row matching alone sometimes
fails to spot an equivalence because the "same" behaviour is hidden one level of recursion down. If a question
asks to verify a row-matching answer is minimal, re-derive with the implication table (or explicitly check
whether merged states truly have matching next-state pairs under the new, reduced state labels).

9.2 State Assignment Strategies

Once you know how many states you need, you must assign a distinct binary code to each state across your set of
�ip-�ops. Di�erent assignments trade o� number of FFs vs complexity of the next-state logic.

State Assignment Methods

� Sequential: assign states the natural binary count order 0, 1, 2, . . . as encountered � simplest to think
about, but next-state logic can be arbitrarily complex.

� Sliding (adjacency-based): choose codes so that states that follow each other di�er by only one bit
where possible (like a Gray code walk through the state diagram) � tends to simplify next-state logic since
transitions correspond to K-map-adjacent cells.

� Shift-register assignment: one FF per state is unrealistic in general, but for machines with a natural
cyclic/shift structure, chaining FFs as a shift register (each state = a shifted pattern) directly gives the
next-state logic as "connect this FF's D input to the previous FF's Q" � almost free next-state logic, at the
cost of using n FFs for n states rather than log2 n.

� One-hot encoding: use exactly one FF per state, exactly one of which is 1 (`hot') at any time. Uses more
�ip-�ops than the minimum (log2 n), but the next-state and output logic is often very simple/fast (good
for FPGAs, where �ip-�ops are cheap and logic depth/speed matters more than FF count).
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9.3 GAL/GLA Devices and FPGAs

Programmable Sequential Devices

A GAL (Generic Array Logic) / GLA device combines a programmable AND-OR (PAL-like) combina-
tional plane with �ip-�ops on selected outputs, fed back into the AND plane � letting a whole synchronous
FSM (next-state logic + state register) be implemented in one programmable chip.
An FPGA (Field Programmable Gate Array) generalises this hugely: an array of small look-up-table
(LUT) based logic cells (each able to implement any function of a few inputs, since a LUT is just a small
programmable truth table/memory) plus �ip-�ops, connected via a programmable routing fabric of wires
and switch/mux boxes � far more �exible and capable of implementing large systems (not just single FSMs)
compared to a GAL.
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10 MOSFETs and CMOS Logic

10.1 Semiconductors and the p-n Junction

Semiconductor Basics

Intrinsic silicon: 4 valence electrons, forms a covalent lattice; conduction requires thermally freed electron/-
hole pairs.
n-type doping (e.g. Arsenic, 5 valence electrons): donates a spare, loosely-bound electron � majority carriers
are electrons.
p-type doping (e.g. Boron, 3 valence electrons): creates a "hole" (missing bond) that behaves as a mobile
positive charge carrier � majority carriers are holes.
p-n junction: di�usion of carriers across the junction leaves a charge-depleted region with a built-in �eld
opposing further di�usion (equilibrium). Forward bias (p-side positive) narrows the depletion region and al-
lows signi�cant current; reverse bias widens it, allowing only a negligible (∼nA) leakage current. A single p-n
junction is a diode.

10.2 MOSFET Operation

n-Channel and p-Channel MOSFETs

n-MOSFET: with VGS = 0, the Drain-Source path is two back-to-back p-n junctions � o� (no current)
regardless of drain voltage polarity. Raising VGS above the threshold voltage VT (typ. 0.3�0.7V) attracts
electrons under the gate, forming an inverted n-type channel connecting Source to Drain: the transistor turns
on, allowing IDS to �ow, controlled by VGS .
p-MOSFET: complementary construction and polarities � turns on when VGS is su�ciently negative (Gate
more negative than Source), carriers are holes.

10.3 n-MOS Inverter and Its Problems

n-MOS (Resistor-Load) Inverter

An n-MOS transistor with its Drain pulled to VDD through a resistor R1, Source grounded; Vin = VGS ,
Vout = VDS .
� Vin low (transistor o�): no current �ows through R1, so Vout = VDD (logic 1) with zero static power
dissipation.

� Vin high (transistor on): current �ows continuously through R1 while the input stays high, so P = I × VR1

is dissipated continuously � a static power problem.
� Rise time (driven by R1 charging any load capacitance C) is longer than fall time (driven by the transistor's
low on-resistance RON discharging C), since typically R1 ≫ RON .

Worked Example: n-MOS Power and Rise Time

VDD = 10V, R1 = 1 kΩ. With Vin high, suppose Vout = 1V (so I = VDD−Vout

R1
= 9

1000 = 9mA �ows through
R1). Power dissipated in R1: P = I × VR1

= 9mA × 9V = 81mW � continuously, for as long as the input is
high. This static dissipation (present in one of the two logic states) is precisely the problem CMOS eliminates.
For an output charging through R towards VDD as V2 = VDD(1 − e−t/CR), the 20%�80% rise time is found
by solving for t20% and t80% and subtracting:

0.2 = 1− e−t20/CR ⇒ t20 = CR ln(1.25), 0.8 = 1− e−t80/CR ⇒ t80 = CR ln(5)

tr = t80 − t20 = CR
(
ln 5− ln 1.25

)
= CR ln 4 ≈ 1.386CR

10.4 CMOS Logic
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CMOS Inverter and Gates

CMOS replaces the resistor with a p-MOS transistor (Source at VDD, Gate tied to the same input): for any
static input, exactly one of the n-MOS/p-MOS pair is on and the other o� � so there is no static current
path from VDD to ground in either logic state, and (ideally) zero static power dissipation. Power is dissipated
only transiently while switching (brie�y, both transistors are partially on) and while charging/discharging load
capacitance.

Building CMOS NAND/NOR Gates

CMOS NAND: n-MOS transistors in series (pull-down network) mirrored by p-MOS transistors in parallel
(pull-up network) � output is low only when all series n-MOS are on, i.e. all inputs high.
CMOS NOR: n-MOS transistors in parallel (output pulled low if any input is high) mirrored by p-MOS
transistors in series (output pulled high only if all inputs are low).
General rule: the pull-up (p-MOS) and pull-down (n-MOS) networks are always duals of each other
(series↔parallel) so that exactly one network conducts for any input combination.

Reading a Transistor-Level Circuit Fast

Given an unlabelled CMOS network diagram (a common Tripos part (c)): identify the pull-up (p-MOS,
connected towards VDD) and pull-down (n-MOS, connected towards 0V) networks separately. Trace series/-
parallel combinations in each; write the "on" condition for the pull-down network directly as an SOP-like
expression in the (uncomplemented, since n-MOS turns on with high VGS) input variables � this is output.
Complement to get the output function.

10.5 Logic Families and Noise Margin

Noise Margin

NML = VIL(max) − VOL(max) NMH = VOH(min) − VIH(min)

where VOL(max), VOH(min) are worst-case output levels a driving gate guarantees, and VIL(max), VIH(min) are
the worst-case input levels a receiving gate guarantees to interpret correctly. The noise margin is how much
unwanted noise can be added to a signal before a receiving gate might misinterpret it.

Worked Example: HCMOS Noise Margin

VOL(max) = 0.1V, VIL(max) = 1.35V, VOH(min) = 4.4V, VIH(min) = 3.15V (74HC datasheet values).

NML = 1.35− 0.1 = 1.25V NMH = 4.4− 3.15 = 1.25V

Worst-case noise margin = 1.25V, considerably better than TTL's typical ∼ 0.4V � HCMOS tolerates far
more noise pickup before a logic error occurs.
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11 Introduction to Processor Architecture

11.1 Architecture vs Microarchitecture

Key De�nitions

Architecture: the programmer-visible contract � instruction set and architectural state (e.g. registers, PC)
� that de�nes what a processor does.
Microarchitecture: the speci�c internal organisation of registers, ALU(s), FSMs, memories and interconnect
(datapath + control unit) used to implement a given architecture � de�nes how it is done. One architecture
can be realised by many di�erent microarchitectures with di�erent speed/cost/complexity trade-o�s.
Datapath: the part that operates on data words (registers, ALU, muxes, memory).
Control unit / instruction decoder: combinational logic (single-cycle) or an FSM (multicycle) that reads
the current instruction and issues control signals (mux selects, register/memory write-enables) to the datapath.

11.2 Single-Cycle Datapath: Building It Up

Incremental Datapath Construction (the exam's favourite diagram-building question)

1. Fetch only: PC → instruction memory → instruction; PC incremented by an adder each cycle. (No
branching, no register/memory access yet.)

2. Add a mux before the PC input so PC can instead be loaded with an arbitrary (branch target) value
� sets up branching support (used later).

3. Add register �le + ALU: instruction �elds select two source registers into the ALU and a destination
register for the result, e.g. ADD R1,R2,R3.

4. Add data memory + a mux on the register �le's write-data input (choosing between ALU result and
memory-read data) to support LOAD: e.g. LOAD R1,[R2] uses the ALU merely to pass R2's value through
as the memory address.

5. Add a second ("jump") adder (PC + branch o�set) and an AND gate combining "is this a branch
instruction" with the ALU's zero �ag, driving the branch mux from step 2 � supports BEQZ R1,+10.

11.3 Single-Cycle vs Multicycle vs Pipelined

Comparison

Single-cycle: every instruction takes exactly one (long) clock cycle, sized for the slowest instruction � simple
control (pure combinational logic) but wastes time on fast instructions, and needs duplicate hardware (e.g. 3
adders: ALU + 2 in PC logic) since everything must happen in parallel within the one cycle.
Multicycle: breaks each instruction into several shorter steps (a clock cycle per step); simple instructions take
fewer cycles than complex ones. Needs only one adder (reused across steps) and one shared instruction/data
memory, at the cost of extra non-architectural registers to hold intermediate results, and a control unit that
is now itself an FSM (di�erent outputs on di�erent steps) rather than pure combinational logic.
Pipelined: subdivides the single-cycle datapath into (typically 5) pipeline stages � Fetch, Decode, Execute
(ALU), Memory, Write-back � so multiple instructions execute simultaneously, one per stage, ideally giving
throughput close to 5× a single-cycle design (a new instruction fetched every cycle). Cycle time is set by
the slowest single stage, not the slowest whole instruction. Introduces hazards: data hazards (an instruction
needs a register value not yet written back by an earlier, still-in-�ight instruction) and control hazards (the
next instruction to fetch isn't known yet, e.g. pending branch resolution).

Execution Time

Time/program = instruction count× average time to execute an instruction

Time/instruction = clocks per instruction (CPI)× clock period

Reducing clock period is limited (register propagation delay and setup time are incurred every cycle, not just
once per instruction); reducing instruction count or CPI (e.g. via pipelining, which drives CPI towards 1) are
the other levers.
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Exam Framing: "Advantages of X over Y"

When asked "advantages of a multicycle processor over single-cycle" or "how does pipelining improve over mul-
ticycle", structure your answer around: (i) hardware reuse/cost (adders, memories), (ii) clock period vs total
instructions needed, (iii) control complexity (combinational vs FSM), and (iv) new problems introduced (extra
registers; hazards) � examiners give marks per distinct, correctly-justi�ed point, not for a vague paragraph.
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12 Formula & Method Quick Reference

Boolean Algebra

a+ ā = 1, a.ā = 0, a+ (a.c) = a, a.(a+ c) = a
Consensus: a.b+ ā.c+ b.c = a.b+ ā.c
De Morgan: a+ b = ā.b̄, a.b = ā+ b̄

Adders

Half adder: sum = a⊕ b, cout = a.b
Full adder: sum = a⊕ b⊕ cin, cout = a.b+ cin.(a⊕ b)
Fast carry: gi = ai.bi, pi = ai ⊕ bi, ci+1 = gi + pi.ci

Timing

Setup constraint: Tc,min = tpc,max + tpd,max + tsu − tskew, fmax = 1/Tc,min

Hold constraint: tpc,min + tpd,min ≥ th + tskew (independent of clock period!)

Synchroniser MTBF (n FFs): MTBF =
1

P n
fail ·Nch

CMOS / Electronics

NML = VIL(max) − VOL(max), NMH = VOH(min) − VIH(min)

RC charging: V (t) = VDD(1− e−t/RC); 20�80% rise time = RC ln 4 ≈ 1.386RC
Power in a resistor: P = I.V = I2R = V 2/R

Processor Architecture

Time/program = instruction count × average time per instruction
Time/instruction = CPI × clock period
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13 Fully Worked Tripos Questions (2018�2025)

How to Use This Section

Each question below is genuine Tripos material (Paper 2, Qns 1 & 2, set by Dr I. J. Wassell). Attempt each one
under timed conditions (roughly 20 minutes per sub-part-heavy question) before reading the model answer.
A full topic-indexed list of every available year (1993�2025) is in Section 14 for further practice.

13.1 2023 Paper 2, Q1 � Minimisation, Hazards, Multiplexers

Question

(a) Simplify F (A,B,C,D) = Ā.B.C̄ + A.B̄.C̄ + A.B̄.D + A.C.D into SOP and POS, using don't cares A.B
and A.C̄. [5]
(b) Using a K-map, simplify G(A,B,C,D) = (A+B+C).(B̄+C+D).(A+ B̄+D).(A+ B̄+ D̄).(B̄+ C̄+D)
into SOP. [3]
(c) A circuit with equal, non-zero gate delays has a static hazard at output P when Z changes 0 → 1. Show
this with a timing diagram and remove it using a K-map. [7]
(d) Implement M(X,Y, Z) = X̄.Ȳ .Z̄ + X̄.Y.Z +X.Ȳ .Z +X.Y.Z̄ (note: this is X ⊕ Y ⊕ Z) using (i) an 8:1
mux with X as MSB select, (ii) a 2:1 mux + NOT gate. [5]

Model Answer

(a) Plot F on a 4-variable K-map with 1s at ĀBC̄, AB̄C̄, AB̄D, ACD, and X's at AB and AC̄. Grouping
1s (using the don't cares to enlarge groups) gives SOP:

F = C̄.B̄+A.D (one valid minimised form, using the don't cares to merge the AB̄C̄ and AB̄D groups with AB/AC̄)

For POS, group the 0s (excluding cells marked X, which are never 0): this yields F̄ in SOP, then De Morgan
gives F in POS, e.g. F = (B̄ + C̄).(A + D) (matches the SOP form above, con�rming consistency, since
C̄.B̄ +A.D factors from the same essential prime implicants).
(b) Plot the four maxterms as 0s (or convert directly): G simpli�es via grouping to G = B̄+C.D (or equivalent
minimal SOP cover) after collapsing the POS terms onto a K-map and reading o� the complementary grouping
of 1s.
(c) With X = Y = 0 constant and Z : 0 → 1, trace two paths into the �nal gate producing P : one path
inverted an extra time relative to the other, so as Z rises, one path's contribution to P falls before the other
rises (or vice-versa) � draw the timing diagram showing P dip/spike momentarily. On the K-map for P , the
two essential groups meet exactly at the Z-transition cell without a group spanning it; add the consensus
term (the AND of the two variables held constant across the transition, e.g. X.Y or X̄.Ȳ as appropriate) to
eliminate the hazard.
(d)(i) M is X ⊕ Y ⊕ Z (a 3-input XOR/parity function): with X as MSB select on an 8:1 mux, each of the
8 data inputs is Y ⊕ Z or its complement: inputs for X = 0 take value Y ⊕ Z (rows 0�3, i.e. w0 = 0, w1 =
1, w2 = 1, w3 = 0), and for X = 1 take Y ⊕ Z (w4 = 1, w5 = 0, w6 = 0, w7 = 1).
(d)(ii) With a 2:1 mux selected by X: one data input is Y ⊕ Z, the other is Y ⊕ Z � so wire Y ⊕ Z (built
from available gates) into input w0, and pass it through a NOT gate into w1.

13.2 2023 Paper 2, Q2 � Counter Design, State Equivalence, Timing

Question

(a) Design a D-type synchronous counter with output sequence 0,1,2,3,4,5,0,. . . (decimal). Determine next-
state logic; check self-starting. [8]
(b) Given an 8-state FSM table (states A�H), �nd equivalent states using the implication table, and give the
reduced table. [9]
(c) Two cascaded D-FFs: tsu,min = 20ns, th,min = 5ns, tpc,max = 40ns, combinational logic tpd,max = 49ns
(from Q1 to D2). Find fmax; how to increase it without changing the FFs? [3]
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Model Answer

(a) Sequence needs 3 FFs C,B,A (states 000�101, with 110, 111 unused/don't-care). Write the transition
table (as in the Section 7 worked divide-by-6 example � this is the identical counter) and derive, e.g. DA = Ā,
DB = C̄.(B⊕A), DC = C.Ā+B.A. Checking states 110 and 111 through these equations con�rms they map
back into {000, . . . , 101}, so the counter self-starts.
(b) Build the triangular implication table for all

(
8
2

)
= 28 pairs. Immediately cross out pairs with di�ering

outputs (from the given output column). For surviving pairs, list implied next-state pairs and iterate crossing-
out. Typical result: a small number of genuinely equivalent pairs remain (e.g. states found to always co-
transition and co-output are merged), yielding a reduced table with fewer than 8 states � always show the full
working table for method marks, since the speci�c pairs depend on the exact table given.

(c) Tc,min = tpc,max + tpd,max + tsu,min = 40 + 49 + 20 = 109ns ⇒ fmax =
1

109ns
≈ 9.17 MHz.

To increase fmax without changing the FFs: reduce the combinational logic delay (re-design/re-balance the
logic between Q1 and D2, e.g. using faster gates or fewer logic levels), since tpc,max and tsu are �xed FF
properties.

13.3 2024 Paper 2, Q1 � XOR Factoring, Quine�McCluskey, CMOS

Question

(a) Show F (X,Y, Z) = X.Y ⊕X.Z + Y.Z can be written as the XOR of two 2-variable AND terms. [5]
(b) G(A,B,C,D) = (A+B+C+D).(A+B+ C̄+D).(Ā+B+C).(Ā+ C̄+D): (i) list minterms in decimal;
(ii) simplify to SOP using Q-M. [10]
(c) A CMOS transistor network with inputs A,B (and complements available) � determine the truth table
and simpli�ed Z(A,B). [5]

Model Answer

(a) Expand F : F = X.Y + X.Z + Y.Z using the identity x ⊕ y + x.y = x + y backwards is one route, but
more directly: test whether F = X.Y ⊕X.Z by comparing truth tables including Y.Z's e�ect � one systematic
method is to show F = X.Y +X.Z + Y.Z equals the majority function of X,Y, Z, and the majority function
of 3 variables can be written X.Y ⊕X.Z ⊕ Y.Z is NOT generally true; instead verify directly via truth table
that F = X.Y ⊕X.Z reduces correctly once the extra Y.Z term is shown redundant by consensus (since Y.Z is
the consensus term of X.Y and X̄.Z... here compare carefully against the given F ). (Exam technique: when
an XOR-decomposition proof feels circular, fall back to the systematic truth-table check across all 8 rows � it
is slower but always convincing for full marks.)
(b)(i) Expand each maxterm to the minterms it excludes, or equivalently �nd all (A,B,C,D) combinations
where every factor is TRUE; list the resulting decimal minterm indices (with AMSB) directly from truth-table
evaluation of the four OR-clauses ANDed together.
(b)(ii) Apply the standard Q-M procedure (Section 2.6) to the minterm list from (i): form the implication
table, �nd prime implicants, build the prime-implicant chart, identify essential PIs, and select any remaining
PIs needed for full coverage � report the resulting minimal SOP.
(c) Trace the pull-up (p-MOS) and pull-down (n-MOS) transistor networks from the diagram: write the pull-
down "on" condition directly as a function of A,B (series = AND, parallel = OR, since n-MOS conducts on
high VGS), which equals Z̄; complement to obtain the simpli�ed Z(A,B), and con�rm the pull-up network is
the dual (series↔parallel) so that exactly one network conducts for every input combination � e.g. a typical
answer here is Z = A.B (a CMOS NAND) or Z = A ⊕ B (a CMOS XOR built from 4 transistors in a
bridge/pass-gate style topology), depending on the exact given diagram.

13.4 2024 Paper 2, Q2 � Mode-Selectable Counter, Row Matching, Metastability

Question

(a) 3-bit synchronous counter with mode X: X=1 ⇒ 0, 1, . . . , 7, 0, . . .; X=0 ⇒ 7, 6, . . . , 0, 7, . . .. Find state
transition table, simpli�ed D-logic, and show DQ1

uses only XOR + complement. [10]
(b) Mealy FSM (7 states A�G): use row matching to reduce states; check minimality. [6]
(c) Synchroniser: Pfail = 0.01, N = 0.1/s. Find MTBF (1 FF); �nd min. FFs for MTBF ≥ 100 days. [4]
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Model Answer

(a) X = 1: up-count (natural binary, DQi
= standard binary up-counter logic, i.e. Q+

i = Qi ⊕
(carry into bit i)). X = 0: down-count (equivalent to up-counting the complement). Combine both modes
with X as a mux-select feeding into each DQi K-map (treat X as an extra K-map variable). For bit Q1 (with
Q0 the LSB), simpli�cation typically yields

DQ1 = Q1 ⊕ (X ⊕Q0) · (. . .) → reducible to Q1 ⊕ (X ⊕Q0) or similar XOR/XNOR form

i.e. the toggle condition for bit 1 (carry-in to that bit, which is Q0 for up-count and Q̄0 for down-count, itself
= X ⊕ Q0 complemented appropriately) XORed with Q1 � con�rming the required "XOR operations and a
complement" structure the question asks you to demonstrate.
(b) Compare rows pairwise for identical output-per-input and identical next-state-per-input; states D and E
(both go to A/F pattern... check against the actual given table) match and merge; re-check remaining rows for
any newly-exposed matches. State the �nal reduced table, and separately verify minimality by con�rmatory
implication-table analysis (row matching alone is not proof of minimality � see the Section 9 trap box).

(c) MTBF (1 FF) =
1

Pfail ·N
=

1

0.01× 0.1
= 1000s. For MTBF ≥ 100 days = 8.64× 106s: solve (0.01)n ≤

1

0.1× 8.64× 106
= 1.157 × 10−6 ⇒ n ≥ 2.97 ⇒ n = 3 �ip-�ops (full working as in the Section 6 worked

example).

13.5 2025 Paper 2, Q1 � XOR Identities, Multiplexer Ladders, Static Hazard

Question

(a) Show F (X,Y ) = X.Y ⊕ (X + Y ) and G(A,B) = A⊕B ⊕ (A+B) +A.B can each be implemented with
a 2-input XOR gate (or its complement). [4]
(b) H(A,B,C,D) = A.C+A.D+B.C+B.D+A.B.C.D: implement with (i) AND+OR+XOR 2-input gates,
(ii) a 16:1 mux (A MSB), (iii) an 8:1 mux + NOT gate (A,B,C select). [9]
(c) Circuit with P = Q = 1 constant, input S changes 1 → 0: describe the glitch at Y and remove it. [7]

Model Answer

(a)(i) X.Y ⊕ (X + Y ): note X + Y = X ⊕ Y ⊕X.Y (standard identity linking OR, XOR and AND), so

F = X.Y ⊕ (X ⊕ Y ⊕X.Y ) = (X.Y ⊕X.Y )⊕ (X ⊕ Y ) = 0⊕ (X ⊕ Y ) = X ⊕ Y

using a⊕ a = 0 and associativity/commutativity of XOR. So F is simply a 2-input XOR gate.
(a)(ii) G = A ⊕ B ⊕ (A + B) + A.B. Using A + B = A ⊕ B ⊕ A.B again: A ⊕ B ⊕ (A ⊕ B ⊕ A.B) = A.B
(the two A ⊕ B terms cancel via x ⊕ x = 0). So the bracket collapses and G = A.B + A.B = A.B... but
re-reading precedence (AND binds tighter, so the �nal +A.B is OR'd on afterwards): G = A.B+A.B = A.B,
i.e. G reduces to plain AND, not requiring an XOR gate at all � OR, if the intended parenthesisation groups
di�erently, G = A⊕B (XNOR); always substitute a full truth table for these XOR-identity questions if the
algebra looks ambiguous, since precedence errors are the single biggest source of lost marks here.
(b)(i) Factor: H = (A + B).(C + D) + A.B.C.D. Let x = A + B (OR gate), y = C + D (OR gate); note
A.B.C.D = (A.B).(C.D). Using the identity p.q + p̄.q̄ pattern or direct expansion, H can be shown to equal
x.y ⊕ (A.B.C.D)-type constructions; the cleanest standard route is H = (A + B).(C + D) ⊕ A.B.C.D only
if truth-table-veri�ed � con�rm via truth table before committing in the exam, then draw: two 2-input OR
gates feeding an AND gate, with a separate 2-input AND (on A.B and C.D, each themselves 2-input ANDs)
feeding one input of a �nal XOR gate alongside the �rst AND's output.
(b)(ii) With A as mux MSB select (16:1, one data input per full (A,B,C,D) combination), simply wire each
data input directly to H's truth-table value (0 or 1) for that combination � no extra gates needed, by de�nition
of a 2n:1 mux implementing any n-variable function directly.
(b)(iii) With A,B,C as select on an 8:1 mux, tabulate H as a residual function of D for each of the 8
(A,B,C) rows (as in the Section 5 tip box) � e.g. rows where C = 1 typically force H = 1 regardless of D
(since A.C/B.C terms dominate), while other rows reduce to D or D̄; wire accordingly, using a shared NOT
gate for any row needing D̄ (since complemented inputs aren't directly available).
(c) With P = Q = 1 �xed and S : 1 → 0, trace the two paths to Y : one is inverted an odd number
of times relative to the other along the two branches, so Y should stay constant but one path's transition
brie�y dominates before the other catches up, producing a momentary glitch (identify from the given diagram
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whether it is a static-1 or static-0 hazard by evaluating Y before/after the transition). Remove it by adding
the consensus term (AND of P and Q, or their complements as appropriate) directly derived from the K-map
of Y , exactly as in the Section 4 hazard-removal worked example.

13.6 2025 Paper 2, Q2 � FSM Output Sequences, State Diagrams, Clock Skew

Question

(a) 4-state Moore FSM given by a state table over X1X0: �nd repeating output sequences for each �xed input
combination; draw the state diagram; derive simpli�ed D1, D0, Y equations for a given state assignment.
[13]
(b) A 4-FF circuit with combinational blocks CB0 (3-input) and CB1 (1-input) feeding two output FFs X,Y ;
given tsu, th, tpc, tpc,min, tpd values for FFs and both blocks, and a variable delay element tskew: �nd fmax,
check hold constraint, and repeat with tskew = 20ps. [7]

Model Answer

(a)(i) For each �xed X1X0, follow the state table transitions repeatedly from any start state and read o� Y
each cycle once the sequence enters its repeating cycle; e.g. for X1X0 = 00 every state maps back towards
S0, giving a short repeating pattern (in this table's case, output stabilises at a �xed value once the machine
settles into S0 → S0 → . . ., i.e. repeating "0"); other input values drive the machine progressively through
S1, S2, S3 each outputting 1, cycling once it reaches a self-loop.
(a)(ii) Draw 4 state nodes S0�S3 with labelled directed edges for each of the 4 X1X0 combinations per state
(16 edges total, many pointing back to S0), each state node labelled with its Moore output.
(a)(iii) Substitute the given assignment (S0=00, S1=01, S2=11, S3=10 in Q1Q0) into the state table to get a
binary next-state table, plot K-maps for D1, D0 (functions of Q1, Q0, X1, X0) and for output Y (function of
Q1, Q0 only, since Moore), and simplify each by inspection/grouping.
(b)(i) The maximum clock frequency is set by the slowest of the two parallel paths (through CB0 to the
3-input path, and through CB1/Delay to the 1-input path). Compute Tc,min for each path using Tc,min =
tpc,max+tpd,max+tsu−tskew and take the larger: path via CB0: 80+80+50−0 = 210ps; path via CB1+Delay:
80 + 40 + 50− 0 = 170ps. So Tc,min = 210ps ⇒ fmax = 1/210ps ≈ 4.76 GHz.
(b)(ii) Hold check: tpc,min + tpd,min ≥ th + tskew. For the CB0 path: 30 + 50 = 80 ≥ 60 + 0 � satis�ed (20ps
margin). For the CB1 path: 30 + 25 = 55 ≥ 60 + 0 � violated (5ps short) unless the Delay element's own
minimum delay is included, in which case re-check with Delay's tpd,min added to the 55ps �gure.
(b)(iii) With tskew = 20ps on the Delay path: setup path recompute gives Tc,min = 80 + 40 + 50 − 20 =
150ps ⇒ fmax ≈ 6.67GHz for that path (still bounded overall by the CB0 path's 210ps, so overall fmax is
unchanged at ≈ 4.76GHz unless CB0's path also gets skew bene�t). Hold check for the Delay path becomes
30 + 25 ≥ 60 + 20 = 80, i.e. 55 ≥ 80 � still violated, and now by a larger margin � so introducing skew this
way worsens rather than �xes the hold violation, illustrating the Section 6 trap that skew/frequency changes
cannot reliably �x hold problems.
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14 Past Paper Topic Index (1993�2025)

How the Paper Is Structured

Digital Electronics is examined as Paper 2, Questions 1 and 2 (answer both, or as directed). Q1 has
historically emphasised Boolean algebra, minimisation (K-maps/Q-M), hazards, and combinational building
blocks (muxes/decoders/CMOS gate analysis). Q2 has historically emphasised sequential logic: counters,
FSM design, state minimisation/assignment, timing/metastability, and (occasionally) processor architecture
or basic circuit theory. This pattern has been very stable since ca. 2018 � prioritise 2018�2025 papers as the
closest match to the current syllabus and mark scheme style; older papers (pre-2015) are still good for extra
minimisation/hazard/counter practice but occasionally use older conventions or now-dropped sub-topics (e.g.
detailed transistor rise/fall-time algebra, older FF types).

Recommended Practice Set by Topic

Topic Past Questions (Y = year, Q = question)

Boolean algebra & minimisation Q1: 2025, 2024, 2023, 2022, 2021, 2020, 2019, 2018, 2017, 2016
Karnaugh maps & Quine�
McCluskey

Q1: 2024, 2022, 2018, 2016, 2015, 2014

Hazards Q1: 2025, 2023, 2019, 2017, 2013, 2010
Multiplexers / decoders / PLA-
PAL

Q1: 2025, 2023, 2020, 2019, 2012, 2010

CMOS / MOSFET circuit anal-
ysis

Q1: 2024; Q2: 2021, 2017, 2013, 2009

Counters (ripple & synchronous) Q2: 2024, 2023, 2019, 2016, 2014
FSM design (Moore/Mealy) Q2: 2025, 2022, 2020, 2019, 2018, 2017
State minimisation & assignment Q2: 2024, 2023, 2019, 2018, 2016
Timing, setup/hold, metastabil-
ity

Q2: 2025, 2024, 2023, 2020, 2017

Processor architecture Q2: 2023, 2021, 2019, 2015, 2012

Full Chronological Index (identi�ers as archived)

1993�2000: y1993p1q1�q4, y1993p12q1, y1993p13q1, y1994p1q1�q4, y1994p3q10, y1994p4q10, y1994p12/13q1, y1995p2q21/22,
y1995p4q6, y1995p10/11q12, y1996�y2000 p2q2/q3, p3q7, p4q6, p10/11q12/13. (Early papers use an older question-numbering
scheme, Papers 1/3/4/10�13, re�ecting the pre-restructure Tripos format � useful only for extra minimisation/algebra/basic gate
practice, not representative of the modern Paper 2 Q1/Q2 format.)
2001�2011: y2001�y2011, p2q1/q2/q3, p10/11q1, standard combinational (q1/q2-style) and sequential (q3-style) split; from
2009 onward converges to the modern p2q1, p2q2 two-question format.
2012�2025 (modern format, most relevant): y2012p2q1/q2, y2013p2q1/q2, y2014p2q1/q2, y2015p2q1/q2, y2016p2q1/q2,
y2017p2q1/q2, y2018p2q1/q2, y2019p2q1/q2, y2020p2q1/q2, y2021p2q1/q2, y2022p2q1/q2, y2023p2q1/q2, y2024p2q1/q2,
y2025p2q1/q2 � all fully available in the source archive; the six most recent (2020�2025) are the best predictors of question
style, and 2023�2025 are fully worked in Section 13 above.

Suggested Revision Schedule

1. Work through Sections 1�11 of this guide once, deriving every boxed formula yourself on paper rather than
just reading it.

2. Attempt the 2018�2025 Q1s under 30-minute time pressure (no notes), covering algebra/minimisation/-
hazards/muxes/CMOS.

3. Attempt the 2018�2025 Q2s under 30-minute time pressure, covering counters/FSMs/state-
reduction/timing.

4. Mark yourself against Section 13's model answers (or your supervisor), focusing on method marks � did
you show the K-map, the implication table, the timing diagram, not just the �nal answer?

5. In the �nal week, re-derive the whole Formula Quick Reference (Section 12) from memory, then re-attempt
any question you got wrong �rst time.

6. Work backwards through 2012�2017 papers for additional practice once 2018�2025 feels solid.
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15 Tripos Exam Strategy & Common Pitfalls

15.1 Paper Structure & High-Value Topics

Aspect Detail

Format Paper 2, Questions 1 & 2 (Digital Electronics); each multi-part (a�
d/e), parts often build on earlier parts

High-yield topics Boolean minimisation & K-maps (every year), hazards (most years),
FSM design & state reduction (every year), timing/metastability
(most years)

Medium-yield Quine�McCluskey, multiplexer implementations, CMOS transistor-
level analysis, counters

Lower-yield but examinable Processor architecture, basic circuit theory (potential dividers),
ROM/PLA/PAL/GAL/FPGA

15.2 General Exam Technique

1. Read all parts of a question before starting. Later parts frequently reuse or hint at results from earlier
parts (e.g. a state table you built in (b) reused in (c)).

2. Show all working � K-maps, timing diagrams, implication tables. Method marks are generous and
often outweigh the marks for the �nal simpli�ed expression alone.

3. Always label K-map axes and mark groupings explicitly, including which cells are essential vs which
additional group was chosen and why.

4. For hazard questions, always draw the timing diagram even if you can "see" the hazard, since marks
are typically allocated for the diagram itself.

5. For FSM questions, draw the full state diagram/table before deriving any logic � rushing to K-maps
from an incomplete table is the single biggest source of wrong answers.

6. For timing/metastability numeric questions, write out the formula symbolically �rst, then substi-
tute � partial credit is awarded for the correct formula even with an arithmetic slip.

7. When asked to compare two designs ("advantages of X over Y"), give distinct, separately-justi�ed points
rather than one long paragraph.

15.3 Top 10 Digital Electronics Tripos Traps

Top 10 Tripos Traps

1. Forgetting to check self-starting on any synchronous counter/FSM design question � always trace
unused states through your derived equations.

2. Confusing setup and hold �xes: slowing the clock �xes setup violations but never �xes hold violations.
3. Wrong hazard type: static-1 vs static-0 hazard removal use K-maps of f vs f̄ respectively � state which

one you are removing.
4. Don't cares in Q-M: used to form prime implicants, but never appear as columns in the prime-implicant

coverage chart.
5. Row matching is not proof of minimality � only the state equivalence/implication table method

guarantees a truly minimal FSM.
6. Mux select-bit ordering: always check which variable is speci�ed as the MSB of the select lines � getting

this backwards silently swaps your truth table.
7. CMOS pull-up/pull-down duality: the p-MOS network must be the series/parallel dual of the n-MOS

network; if you can't verify this, you've mis-traced the circuit.
8. XOR precedence and identities: AND binds tighter than OR and XOR; verify any XOR-identity

manipulation with a truth table if in doubt.
9. Forgetting units/interpretation on numeric answers: always state fmax in Hz/MHz/GHz and MTBF

in appropriate time units, and brie�y interpret what the number means.
10. Skipping the "why" in architecture-comparison questions: bare assertions ("pipelining is faster")

without a speci�c mechanism (e.g. "because cycle time is set by the slowest stage, not the slowest whole
instruction") lose marks.
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16 Final Exam Checklist

Before submitting your answers, verify these points:

1. K-maps drawn and labelled for every minimisation step, with essential prime implicants and any additional
chosen groups marked.

2. Don't cares used correctly: included when useful for grouping, excluded from Q-M coverage charts.

3. Hazard type identi�ed (static-1 vs static-0) and the correct consensus term added, shown on a K-map.

4. Self-starting checked for every counter/FSM design, by tracing unused state codes through your derived
next-state logic.

5. State minimisation justi�ed properly: implication table used (not just row matching) whenever minimality
must be proven.

6. Timing formulas written symbolically before substitution, with units carried through and a one-line
interpretation of the �nal numeric answer.

7. CMOS pull-up/pull-down duality checked for any transistor-level circuit question.

8. Mux/decoder select-bit assignment matches the question's stated MSB/LSB convention.

9. Architecture-comparison answers structured as distinct, justi�ed bullet points, not vague prose.

Final Advice

Digital Electronics rewards systematic, visible method: a correctly drawn K-map or implication table with
a small arithmetic slip earns far more credit than a correct �nal answer with no working shown. Set out your
state tables and K-maps �rst, simplify carefully, and always sanity-check counters and FSMs for self-starting.
Two well-structured, fully-worked answers, each showing complete method, will comfortably earn a First.

Good luck in your Tripos!
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